MCINTYRE MATHS - MATHEMATICS EXTENSION 2

Worked solutions

Lesson 10 - Calculus and the squeeze theorem

Warm-up

(@)  Find the minimum value of f(z) = e* — 1 — .

The minimum value is 0, at z = 0. So e* > 1 + z for all .
fl(z)=€e*"—1=0atx =0,and f"(xz) = €* > 0, so this is a minimum. f(0) =1—-1—0=0.

(b) 1f h(0) = 0and h'(x) > 0 for z > 0, what can you say about h(z) for z > 0?
h(z) > 0forz > 0.

h is increasing for > 0, so h(x) > h(0) = 0.

1
() Evaluate lim = and lim z2.

r—00 I z—0

0 and 0.

1 N
~ becomes arbitrarily small as z grows, and 2 — 0% = 0.
T

(d) Since —1 < sinz < 1, find bounds for Sm when z > 0.
X

1 sin x 1
-=< < -.
T r ~

Divide the inequality by & > 0; the direction does not change. This is used in Example 5.

Example 1

Prove that In(1 + z) < z forall z > 0.

Let h(z) = ¢ — In(1 + z) for z > 0. Then ~(0) = 0 and
1 T

14z - 14z

So h is increasing, and h(z) > h(0) = 0 for z > 0. Hence In(1 + z) < z.

This is strategy 1. State the domain and give a reason for every sign. Warm-up (a) was strategy 2.

>0 forxz > 0.

h'(z) =1
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Example 2

(a) Provethatsinz < x forallz > 0.

Let h(z) = = — sinz. Then A(0) = 0 and h'(z) = 1 — cos z > 0, with equality only at isolated
points. So h is increasing, and h(z) > 0 for z > 0.

Because h'(z) = 0 only at isolated points (z = 27k), h is still strictly increasing, so the inequality is

d , . S inz
strict. Caution: these proofs use — (sin z) = cos z, which is itself proved from lim — 1. They

z—0 gz
are fine for proving inequalities, but cannot be used to prove that limit (see Example 6).

2
T
Prove thatcosx > 1 — ? for all real z.

(b)
22
Let h(z) = cosxz — 1+ 7.Then h(0) = 0and h'(z) =  — sinz > 0 for z > 0 by (a). So
h(z) > 0for > 0. Since h is an even function, the result also holds for z < 0.
Part (a) is used inside part (b): a “previously obtained inequality”. For the even function, h(—z) =

cos(—z) — 1+ (_;) = h(z).

HSC practice - From a function inequality to a sequence

(i) Show that z > In z for all z > 0.
(ii) Hence, or otherwise, show that e’ > (n!)2 for all positive integers n.

1 1
() Leth(z) =x —Inzforz > 0.Thenh/(z) =1 — — =0atz = 1. Alsoh”(z) = = > 0, so
T x?

z = 1 is the minimum, with 2(1) =1 > 0. So h(x) > 0 for all z > 0.
(ii) By (i), Ink < kforeachk = 1,2,...,n.Then

In((n!)?) =2(Inl1+m2+---+Inn) <2(1+2+---+n) =n(n+1) =n’+n.

2
Since In is increasing, (n!)? < e™ ™.

Part (i) is strategy 2 (global minimum). In (ii), apply (i) to eachtermanduse1 4+ 2+ .-- +n =

1
n{n +1) - This can also be done by induction. (Wording adapted from the paper.)

Example 3
2
(@ yse concavity to prove that sin xz > it for0 <z < g
™
y=sinzhasy” = —sinz < 0on [0, g] , s0 it is concave down there. The chord from (0, 0) to

T 2z . T
<§, 1) is the line y = —. A concave down curve lies on or above its chord, so sinz > —.
T T

1-— 2
Strategy 3. The gradient of the chord is —0 = —. Sketch both graphs.
7/2—0 =
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|
(b) gy finding the maximum of f(z) = == prove that ¢ < e”.
x

1-1
fl(z) = 2111' =0atz =e.Also f' > 0forz < eand f' < 0forx > e, so the maximum is
x
1 1 1
f(e) = —.Sincer = e, =T - —,s0elnm < m,thatisln (7°) < In(e™). Hence ¢ < e".
e T e

Because x = e is the only maximum, f(7) is strictly less than f(e). Multiply by er > 0, then use
elnm = In(7°) and 7 = In(e™), and finally the fact that In is increasing.

Exam practice - Bounds for the harmonic series

(i) Show that w

<In(l+z) < zforz > 0.
T

(ii) B tt ! how that ! <1 krl <1
ng £ = —, show tha S Z.
WEYPUHNE &= 7, SNOWEnat 277 =\ ™% k
(iii) Hence show that In(n + 1) < 1 4+ 3 + 3 + -+ — <1+ Innforallintegersn > 2.
n
(i) The right-hand inequality is Example 1. For the left, let A(z) = In(1 + x) — 1 ’

+x
h(0) = 0 and

. Then

1 1
— 2 >0 (z>0),

M@ = " Grar ~ (ra)?

so h(z) > 0forz > 0.

1/k 1 1 kE+1
ii = din(1+4+ - | =1 .
O Tk " hr1 ™ n< TE) TR
. 1 1 kE+1 1
(iii) Write H,, = 1 + 3 4+ -4+ =.Sumln —— < —fork =1, ..., n: the logs telescope to
n

1 kol
ln(n +1) ~ In1,s01a(n +1) < H,. Sum -—— < In Z fork=1,...,n—L:H,—1<

Inn,soH, <1+ Inn.

k+1 2 3 1
Telescoping: >_,_; In % =1In 77+ In 5+t Tt In(n + 1). For the second sum the
n
1 1
left side is 3 + ...+ — = H, — 1. At n = 1 theright-hand bound is an equality (H; =1 =1+
n

In 1), so the strict inequality fails; this is why n > 2. Discussion: H,, — 0o, but very slowly, like In 7.

Example 4

1
Find lim 22 sin (—)
z—0 €T
(1 . )
For x 7 0, -1 <sin | — ) < 1. Multiply by z© > 0:

T
2 2 . 1 2
—zr" <zsin| — | <z“.
T

Both —z2 and z2 tend to 0 as z — 0, so by the squeeze theorem the limit is 0.

1
You cannot just substitute x = 0, as sin <—> is not defined there and oscillates wildly. Sketch y =
xr

x?, y = —x? and the curve squeezed between them.
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Example 5

) . sinzx
Use the squeeze theorem to find lim
T—00 T
1 sin x 1 sinzx
Forx >0,—— < < — (warm-up (d)). Both bounds tend to 0 as x — 00, so lim = 0.
T xr xr Tz—00 T,

sinx

The curve oscillates between y = = — and is squeezed to the z-axis. Contrast this with liné
T =0 T

’

the next example.

Example 6

()  Intheunitcircle, A = (1,0), B = (cosz,sinz) and C lies on OB extended, on the tangent at A.
Compare the areas of AOAB, sector OAB and AOAC toprovesinz < z < tanzfor) < z < g

With radius 1: AOAB has area % X1x1xsing = %sin x; sector O AB has area % x 12 x

z = 12; AOAC hasarea 1 x OA x AC = 1 tan z. The triangle O AB lies inside the sector,
which lies inside AOAC, so

%sinm<%m<%tana:, thatis sinz < a < tanz.

AC = tan x because AOAC is right-angled at A with OA = 1 and angle x at O. The sector area
%720 comes from geometry, not calculus, so there is no circularity.

(ii) sin x T
Hence show thatcosz < —— < 1for0 < x < 5
T

: <
sin x Cos T

Fromsinz < x < tanz, dividebysinz > 0:1 <

sinx

. Take reciprocals (all positive, so

the inequalities reverse): cos ¢ < < 1.
T
nx
Dividing tanx = by sin z gives . Taking reciprocals of positive numbers reverses the
cos T CcoS T
inequality.
sinz
(iii)  Hence prove that lim =1.
z—0 X

Asz — 0", cosz — 1 and the upper bound is the constant 1, so by the squeeze theorem

. sinz . sinz L. . . sinzx
lim = 1. The function is even, so the limit from the left is also 1. Hence lim —— =
z—0t @ x z—0 X
1.

This is the limit and the small-angle result used in Extension 1; here is its proof. For the left limit,
sin(—z) sinz _, , )
= . Discussion: what is a proof allowed to assume?
—x T
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Spot the flaw - Circular reasoning
Find the flaw and write a correct version.

d

Flaw: the argument is circular. The result T (sinx) = cos z is derived from first principles using

x
sin h

lim
h—0

Correct version: Example 6. Compare areas to get sinz < = < tan x, then squeeze.

= 1, so line 2 assumes what is being proved.

A proof may only assume results that do not depend on the statement being proved. In Extension 1
the derivative of sin x was taken on trust; Example 6 is the missing foundation.

HSC practice - Squeezing a series to e

It can be shown that for all integers n > 0:

(n+ 1)V

Use this to show that lim Z — —e.

n—oo

n

1 1 1
Asn — 0o, ———— — 0. The lower bound is 0, so by the squeeze theorem 1 — — E — 0.
(TL + 1)' e s 7«'

I~ 1 "1
Therefore B Z ] — 1, that is Z ] — e.
r=0 r=0
The squeeze theorem applies to sequences as well as functions. The earlier parts of the original

1
guestion use integration by parts on / z" e * dx, which we revisit in the Integration unit. (Earlier
0

parts omitted; wording adapted from the paper.)

Which method? - The whole unit

(@ 14+3+5+---+(2n—1)=n?*forn>1.

Method: induction on a series (or the AP sum formula). First line: P(1):
Assume Zf:1(2r — 1) = k?, then add the next term: k? + (2k + 1) =

1=
(k+ )
(b) e* > 1+ xforallreal z.

Method: calculus, global minimum. First line: let h(z) = e¢* — 1 — z;then h/(z) =" — 1 =0 at
z=0.
h"(xz) = e® > 0,s0 h(0) = 0is the minimum, hence h(z) > 0 (warm-up (a)).

() 3" > n3forallintegersn > 4.
Method: induction with an inequality. First line: P(4): 3* = 81 > 64 = 43.
1\* _ (5)°
Assume 3% > k3 with k > 4. Then 3! > 3k3 > (k + 1)3, because (1 + E) < <Z> < 3for

k > 4. (For n = 3 the two sides are equal, so the startisn = 4.)
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(d)

(e)

(f)

log, 7 is irrational.
Method: proof by contradiction. First line: suppose log; 7 = P with p, g positive integers.
q

Then 37/4 = 7,50 37 = T4, The left side is divisible by 3 but the right side is not, a contradiction. (A
parity argument does not work here, as both sides are odd.)

COS x

lim 5 = 0.
T—00 ¢
L 1 cos T 1
Method: squeeze theorem. First line: for x > 0, -— < 57— < —-
T T T

Both bounds tend to 0 as £ — oo, so the limit is 0.

For integers n, if n® is even, then n is even.

Method: contrapositive. First line: suppose n is odd, son = 2k + 1.
Then n® = 8k® + 12k? + 6k + 1 = 2 (4k* + 6k* + 3k) + Lis odd. So if n is odd then n? is odd,
which is the contrapositive of the statement.

Exit ticket

2 3
Usingcosx > 1 — % (Example 2), prove thatsinz > x — % forallz > 0.

3 2
Let h(z) = sinz — z + % Then h(0) = 0and h'(z) = cosz — 1 + % > 0 by Example 2(b),

with equality only at isolated points. So & is increasing, and h(z) > 0 for z > 0, thatissinz >
3

T
rT— —.
6
Same pattern each time: build h, check h(0) = 0, and sign k' using the previous inequality. Together
3

sin ¢

T
with Example 2(a): £ — 5 < sinx < z for z > 0, another squeeze for
T

Practice worksheet

Proving inequalities

1.
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Prove thatlnx < x — 1forallz > 0.

1 1
Leth(z) =z —1—Inzforz > 0.Thenh'/(z) =1— — =0atz =1,and h"(z) = — > 0, s0
T T
z = 1is the minimum. (1) = 0,so h(z) > Oforallz > 0, thatislnz < z — 1.

2
Provethate® > 1+ x + % forall z > 0.
2
Leth(z) =e*—1—z — % Then h(0) = 0 and A/(z) = e* — 1 — . From the warm-up, ¢” >
1 + x with equality only at z = 0, so h/(z) > 0 for z > 0. Hence h is increasing and h(z) > 0 for
z > 0.
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3 1'3 2 4

Usingsinz >« — 5 for £ > 0 (the exit ticket result), prove thatcosz < 1 — 5 + z for all real z.
z2 ozt z®
Leth(z) =1— ry + 91~ cosz.Then h(0) = 0and ' (z) = —z + 3 +sinz > 0forz >0

by the given inequality. So h(z) > 0 for z > 0. Since h is even, h(x) > 0 for all real x.

Inx
4 Show that f(z) = — is decreasing for z > e. Hence show that 5 > 6°.
x

1-1 In5 Iné6
f(z) = an < 0forz > esincelnz > 1.So0 f(5) > f(6): n? > =2 506In5 > 51n6,
T

6
thatis In (5°) > In (6°). Hence 5% > 6°. (Check: 15 625 > 7 776.)

The squeeze theorem

5. Use the squeeze theorem to find:

1 . 2+cosx
(a) lim x cos (—) (b) im ———
1
(a) —|z| < x cos <5> < |z| and |z| — 0, so the limit is 0. (b) For z > 0,1 < 2 4 cosz < 3, s0
1 2
- < Ztcosz < § Both bounds tend to 0, so the limit is 0.
T T T
2 2
6. T x . ... l—cosx
Usecosz > 1 — — toshowthat0 < 1 — cosx < — for all real z. Hence find im ————.
2 2 z—0 €T
x> x?
Sincecosz < 1,1 —cosz > 0.Fromcosz >1— —,1 —cosz < TR Dividing by |z| > 0: 0 <
1—cosz |z| lz| 1—cosz ||
_ ?,50—7 < —<< T.Bothboundstendto()asx—>O,sobythe
T T

squeeze theorem the limit is 0.

Adapted HSC-style
7.

n

1
(a) Show that In(1 + x) < « for > 0. (b) Hence show that (1 + —) < e for all positive integers n.
n

x n+1
(c) Given that In(1 + z) > T for x > 0, show that (1 + ﬁ) > e.

T

(a) Let h(z) = 2 — In(1 + z). Then A(0) = 0 and K/ (z) = 1L > 0forz > 0,s0 h(xz) > 0. (b)
T

1 1 1 1 . 1\"
Putz=—In|(1l+—-) < —,sonln{1+ =) <1,thatisln |1+ — < 1 =Ine. Hence
n n n n n

1+ 8 e @putze L (14 L) 5 L7 L o+t (1+1)>1
— .(c = —: — = , SO — ,
n ° =R n 1+1/n n+1 " . n

1 n+1
giving (1 + —) > e.

n
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